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terior algebras are explicitly constructed. They are applied to cal- 
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mined by generators and relations. 
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0. Introduction 

Fix a field k. Let A be a finite-dimensional fc-algebra (associative with iden- 
tity). Denote by A e the enveloping algebra of A, i.e., the tensor product 
A (g)^ A op of the algebra A and its opposite A op . The Hochschild homology 
and cohomology of A are defined by 

HH m (A) = Tor£(A, A) and HH rn (A) = Ext™ (A, A) 

respectively [27] . The Hochschild (co)homology of an algebra have played 
a fundamental role in representation theory of artin algebras: Hochschild 
cohomology is closely related to simple connectedness, separability and de- 
formation theory [HH HI EE] ; Hochschild homology is closely related to the 
oriented cycle and the global dimension of algebras [2TJ 123 El CHI • 

Though Hochschild (co)homology is theoretically computable for a con- 
crete algebra via derived functors, actual calculation for a class of algebras 
is still very convenient, important and difficult. So far the Hochschild co- 
homology was calculated for hereditary algebras [HIED], incidence algebras 
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HHj , algebras with narrow quivers [201 IE] , radical square zero algebras |H] , 
monomial algebras [TO] , truncated quiver algebras [HI E3J ESj > special biserial 
algebras as well as their trivial extensions [H21E]]> and so on. The Hochschild 
homology was calculated for truncated algebras [2U ESI HH] , quasi- hereditary- 
algebras (SHI, monomial algebras jTH], and so on. 

The exterior algebras play extremely important roles in many mathe- 
matical branches such as algebraic geometry, commutative algebra, differ- 
ential geometry. It is well-known that the exterior algebras can be viewed 
as Z/2-graded algebras [22]- The graded exterior algebras (called Grass- 
mann algebras as well ^3]) have applications in physics and their Hochschild 
(co)homology and cyclic (co)homology were known (cf. O EJ El E])- 
However, up to now the Hochschild (co)homology of the ungraded exterior al- 
gebras (called parity-free Grassmann algebras as well [13 ) are still unknown. 
In this paper we shall deal with this problem. Our method is purely alge- 
braic and combinatorial. From now on all the exterior algebras are ungraded. 
The content of this paper is organized as follows: In section 1, we shall pro- 
vide the minimal projective bimodule resolutions of the exterior algebras. In 
section 2, we shall apply these minimal projective bimodule resolutions to 
calculate the Hochschild homology of the exterior algebras and their cyclic 
homology in case the underlying field is of characteristic zero. In section 3, 
we shall apply these minimal projective bimodule resolutions to calculate the 
Hochschild cohomology of the exterior algebras. In section 4, we shall deter- 
mine the Hochschild cohomology rings of the exterior algebras by generators 
and relations. 

1 Minimal projective bimodule resolutions 

Let Q be the quiver given by one point 1 and rz-loops xi, X2, x n with n > 2. 
Denote by / the ideal of the path algebra kQ generated by R := {x]\l < i < 
n} U {xiXj + XjXi\l < i < j < n}. For the knowledge on quiver we refer to [2]. 
Set A = kQ/ 1. Then A is just the exterior algebra over k (cf. [28 ). Order 
the paths in Q by left length lexicographic order by choosing 1 < x\ < X2 < 
■ ■ ■ < x n , namely, y\ ■ ■ • y s < Z\ ■ • • Zt with yi and Zi being arrows if s < t or 
if s — t, for some 1 < r < s, yi = Zi for 1 < i < r and y r < z r . Then A has a 
basis B = U" =0 £>i, where £>j = {x tl x t2 ■ ■ ■ x t .\l < t\ < t% < ■ ■ • < ij < n}. So 
dim^A = 2™. It is well-known that A is a Koszul algebra and its quadratic 
dual is just the algebra of polynomials k[xi, ■■■,x n ] (cf. 

Now we construct a minimal projective bimodule resolution (P., 5,) of 
A. Denote by k{x\, ...,x n ) the noncommutative free associative algebra over 
k with free generators Xi,...,x n . Denote by k(xi, x n ) m the fc-subspace 
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of k(x±, x n ) generated by all monomials of degree m. For each m > 0, 

we firstly construct elements {f™ 12 h... n i„ \h + ^ H \- i n = m, ...,i n ) G 

N"} C k(x 1 ,...,x n ) m : Let / ° = 1, f{ = x x Jl = x 2 , = x n . Define 

n 

f^2... n in f o r all m > 2 inductively by f™ 2i2 ... nin = £ f™r.!. h i h -i... n in x h, 

h=l 

where i x + i 2 H h z n = m, (i x , ...,i n ) G N n and /""^-i...^ = for all 

1 < h < n. It is well-known that the number of non-negative integral 
solutions of the equation i\ + i 2 + ■ ■ ■ + i n — m on ii, % n is for any 

given positive integers n and m. 

Denote <g> := ® fc . Let P m := [] A ® /[W..^ ® A C A ® 

H+iaH Hn=m 

k{xi,...,x n ) m ® A for m > 0, and let /™ 12 i 2 ... ni „ := 1 ® /™ 12 i 2 ... n i n ® 1 for 
m > 1 and /q = 1 ® 1. Note that we identify P with A <g> A. Define 
8 m ■ P m -> Pm-i by setting 

n 

dm(fiii 2 h... n i n ) = / ]( X hf - i i 1 ... h i h -l... n j n + ( — 1) f\ii...h i h,- 1 ...n i n Xh )- 
h=l 

Theorem 1. The complex (P,, 5,) 

p Wl p ^ g 3 , p $2 , p <?1 p n 

• • • — > -r m +i > ,r m > • ■ ■ > i2 ► r\ > ro > U 

is a minimal projective bimodule resolution of the exterior algebra A = kQ/I. 

Proof. For Koszul algebra A we can construct its Koszul complex which 
is a minimal projective resolution of the trivial A-module k (cf. |H Section 
2.6]). Furthermore we can use the Koszul complex to construct the bimodule 
Koszul complex which is a minimal projective bimodule resolution of A (cf. 
[HI Section 9]). Let X = k{xi,x 2 , ■ ■ ■ ,x n }. We show that {fp l2 i 2 ... nin \h + 
ii H h i n — m, i n ) G N n } is a fc-basis of the /c-vector space K m := 

□ X'RX* for all m > 2: Firstly, we verify /™ 2i2 ... nin G It is 

p+q=m— 2 

n n 

clear that fi? 10io < = Y f^7 l , it _i ,• = Y Xhf^r , . Thus the 

h=l h=l 

assertion follows by induction on m. Secondly, {/]? 12 i 2 ... i„ + z 2 + • ■ ■ + — 
m, ...,z n ) G N n } is /c-linearly independent: Indeed, by induction, one can 
show that each monomial in f™ 12 i 2 ... nin contains just i\ xi's, i 2 x 2 's, ... , i n 
XnS. Thirdly, we have &im.kK m = ( n ~[^ 1 ~ 1 ): The quadratic dual of the Koszul 
algebra A is just the algebra of polynomials k[x%, ...,x n ] which is isomorphic 
to the Yoneda algebra E(A) = \J Ext£(Jfe, k) of A (cf. Theorem 2.10.1]). 

m>0 

Thus d\m k K m = dim fc Ext™(A;, k) = ("t-i" 1 )- Hence {f^ 2^2 ... n J^l + ^2 + ■ ■ • + 
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i n = m} is a /c-basis of K m . Therefore P. are just those projective bimodules 
in the bimodule Koszul complex of A (cf. [HI Section 9]). Furthermore, 5 9 
are just those differentials in the bimodule Koszul complex of A (cf. [SJ p. 
354]). □ 



2 Hochschild homology 

In this section we calculate the /c-dimensions of Hochschild homology groups 
and cyclic homology groups (in case char k — 0) of the exterior algebras. 

Applying the functor A — to the minimal projective bimodule resolu- 
tion (P., 5.), we have A <g> Ae (P., S.) = (M„ r.) where M m = JJ A® 

H+*2H \-in=m 

n 

fv^-n^ r m {\ ® f™ 2i2 ... n J = E(Ax fc ® + H)™^ ® 

/i=i 

f™i~...h i h- 1 ..- in) f° r m — 1> anc ^ = A (g) fc. Throughout we assume that 
the combinatorial number ( Q ) = 1 and (*) = if i < j. Write p(j) = p(m) if 
j and m are of the same parity. 

Lemma 1. Form > 1, we have 

, EC) E ('•/". ')('/)• if char M 2; 
rankr m = < i=i i=o 

p(i)=p(m) 

0, otherwise. 

Proof. Denote by fc[a;i, x n ] m the subspace of x n ] generated by 

all monomials of degree m. Obviously the complex (M.,r.) is isomorphic 
to the complex (N,,a,) which is defined by N m := A <8> k[xi, ...,x n ] m and 

n 

a m :N m ^ N m _ u A®^ 1 £ (Ax^®^ ■ - -x^" 1 • ■ ■ x% + (-l) m x h \® 



h=l 



i i i t — 1 

/y J- /-y» ft ... r f 

For any X — x tl ■ ■ ■ x t . G 23, define /xa(^) := |{^|^ < < Z <j , }|. Then 
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<r m (\®x? ■ • • <«) = ((-iy + (-l) m ) Y,(-ir^N(\x h )®xi 



where N(Xxf l ) '■= x tl ■ ■ ■ x t (h) XhX t (h)+1 • • -x^, called the normal form of 
Xxh in A. Note that the meaning of the normal form above is completely 
different from that in the Grobner basis theory (cf. |17j). It follows from the 
formula above that a m {\ ® x 1 ^ ■ ■ ■ x 1 ™) = if p(j) ^ p{m). 

Clearly, N m has a basis Af m := {A ® x l ± • ■ ■ x l ™ | A G B, %\ + i 2 + ■ ■ ■ + i n = 
m}. If A = x tl ■ ■ ■ x t . G Bj then j is called the degree of A (g> x^ 1 ■ • • x 
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and j + ^2 %h is called the total degree of A <8> • • - x 1 ™- If, viewed as a 

h=l 

monomial in k[xi, x n ], Xx % i ■ ■ ■ x l ™ can be written then the set 

{l\ji 7^ 0, 1 < I < n} — {ti, • ■ • , tj}\J{l\ii 7^ 0, 1 < / < n} is called the support 
of A®^ 1 • • • x 1 ™ and the cardinal number of the support \{l\ji ^ 0, 1 < I < n}\ 
is called the grade of A ® a^ 1 • • • x l £. 

Firstly, denote by N m (i) the subspace of N m generated by all elements in 
Af m of grade i. Since a m keeps the grade of the elements, we have ranka m = 

n 

X>ank(a- m |iV m (i)). 
i=i 

Secondly, denote by N m (x Sl ■ ■ • x Si ) the subspace of N m (i) generated by all 
elements A <g> x 1 ^ ■ ■ ■ x % ™ in Af m with support {s\, • • • , Sj}. Here 1 < si < «2 < 
• • • < Sj < n. The restrictions of a rn to N m (x Sl ■ ■ • x Si ) and N^x^ ■ ■ -x s ^) 
are given by the same matrices if adequate bases are chosen, thus rank a m = 

n 

(™)rank(<T m |A^ m (a;i • ■■x i )). 

i=i 

Thirdly, denote by N m {x\ ■ ■ -Xi,j) the subspace of N m {x\ • • - xi) gener- 
ated by all elements A <8> x l ± ■ ■ ■ X 1 ? in Af m of degree j (equivalently, of to- 
tal degree j + m) with < j < i. Moreover, denote by N m (xf ■ ■ -xf,j) 
the subspace of N m (xi ■ ■ -x^j) generated by all elements A ® x l ± ■ ■ -x l f in 

i 

Mm with \x l i ■ ■ ■ x ■* = xf ---xf, > 1 and J^Ji = j + m. Con- 

i=i 

sider the basis M m {xf • • • xf ,j) := Af m fl N m (xf ■ • -xf ,j) of the vector 
space N m (xf ■ ■ ■ xf , j) . Order the elements A ® x 1 ^ ■ ■ ■ x l ? in J\f m {xf ■ ■ ■ xf , j) 
by the left lexicographic order on A. Obviously a m maps N m (xf • • -xf,j) 
into N m -i(xf ■ ■ - xf , j + 1) for < j < i — 1 and into for j = i. Let 
a : Nmlxi 1 ■ --xfj) -> JV m _i(a^ 1 • --xfj + 1) with < j < i - 1 be the 
restriction of o~ m . Written as a matrix under the basis A/" m (arf • • -xf,j) of 
N^xi 1 ■ --xfj) and jV m _i(if • • • xf , j + 1) of Nm^ixi 1 ■ ■ ■ xf , j + 1), a is a 
0+i) X Q) matrix - Partition the elements A <g> x 1 ^ • • ■ x l j in M m (xf ■ ■ -xfj) 
and Nm-ii^xl 1 ■ • - xf ,j + 1) according to whether A contains Xi or not. In 
this way, neglected the sign (— l)- 7 ' + (— l) m , this matrix is partitioned into a 
2x2 partitioned matrix [ ^ ^ j where A is an x QZi) matrix, i? is an 
x matrix and / is an x identity matrix. 

Claim. BA = 0. 

Proof of the Claim. Take any row of B. Assume that it corresponds to the 

element Xq^ * * * Xq^^&lX^ * * * Xq^ * • • Xqf^_i ' ' ' X^ G J\fm—1 ' ' ' ^ % : ~ t - 1 ^) • 

Then, according to the definition of o~ m , this row is just the vector whose com- 
ponents corresponding to x qi ■ ■ ■ x qj <E> x{ x ■ ■ ■ x q q ^ 1 • • • x q q f ■ ■ ■ xf , 
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x g 2 ■ ■ ® x \ ■ ■ -Zql 2 1 • • - x l7+i 1 ' " x f are •••> respectively, 

and other components are 0. Take any column of A. Assume that it corre- 
sponds to the element x\x qi ■ ■ ■ x Qa ■ ■ ■ x qb ■ ■ ■ x qj+1 <g> • • • Xql 1 ■ ■ ■ x 3 q ^ ■ ■ ■ 

x il b ' ' ' x qj+i ' ' ' x ^i £ Nmixy'x ■ ■ - xf,j). Here x means x is deleted. This 
column is just the vector whose components corresponding to X\X qi ■ ■ ■ x qa ■ ■ ■ 

try. 71 — 1 iqi - 1 jq a — 1 lib ^ q i + l~^ ji J 

lb Qj+l w 1 91 9a 96 9i+l i ^l^qi 

/■>•» ... O™ ... n C fS?lT"^^ ^ . . . 0™*^^! ... ry>3 ... rf^^b ... ^7 ~T" ... rf*3i qtiq / 1 \ ft 

x 9o x 96 -k^-i-i W-t-i "^gi -^(Ja x <?6 x 9j+l -^i clic V x / 

and (— respectively, and other components are 0. Thus the inner 
product of this row of B and this column of A is just (-l) b - 1 (-l) a + 
= o. Hence the claim holds. 

Note that under the chosen basis a is the matrix ((— 1) J ' + (— l) m )[ „ B ]. 
Multiply [ £ s ] on the left by the invertible matrix [ J B ° ], we obtain 

[-'* = S]=[S 5]- Hencerank[ - ^ ]= Thus 

rank(cr m |A 7 m (a;{ 1 • • • , j)) = ranka 

if = p(m) and char k ^ 2\ 
0, otherwise. 

Since 

i-l 

rank(cr m |A^ m (a;i • • = E E rank((7 m |A^ m (xf • • -of , j)) 

j=0 21 H Hji=3 + m 

21,---,2i>l 

E err 1 )^ 1 )- if char M 2; 

2=0 J 

p(j)=p(m.) 

0, otherwise, 
we have 

n 

ranka m = £ (")rank(a m |iV m (xi • • -Xj)) 
i=i 

EC) E err 1 )^ 1 )- if char M 2; 

1=1 2=0 

p(j)=p(m) 

0, otherwise. 
The lemma follows from the fact that rankr m = rank<r m . □ 

n n—j 

Lemma 2. E G)^ 1 )^) = E ("/)("";/ ')• 

i=j+l i=l 

Proof. For < j < n — 1, m > I — j and < r < i — 1, define 



Sm,r = E (^r, 1 ) -d T m , r = E (70 (Tr; 1 )- We shall show 

i=j+l i=l 

that SVn r = T m r for all < r < n — 1 and m > 1 — i 
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Firstly, we have S m>n -i = T mi „_i for all m > 1 — j: This follows from 

^n-i = t oer; 1 )^ 1 ) = ©rrxv) = (V) ^^.^ = 
i=j+i 

n—j 
i=l 

Secondly, we have S^-,-,,. = Ti_j jt . for all < r < n — 1: Note that Si-j t1 . = 

n n—j 

E OG-JJC- 1 ) and Ti_ j>r = E (7) . Ifr < i then 5 W> r = = 

i=j+l i=l 

n-j 

Ti-j,r- If r > i then ^_, r = (^) Q and T w , r = £ ("7) C) = Ui) Q- 

i=i 

Thirdly, we have = T mir for all < r < n — 1 and m > 1 — j: Since 

Sm,r S m — l,r+l ~l~ S m — i <r and T m r Tm-l,r+l "I" Tyn— 

i iT , we have 

»Sm, r = S'm— l,r+l + ^m—2,r+l + " " " + Sl—j, r+1 + Sl—j,r 

and 

T m ,r -^m— l,r+l "I - -^m— 2, r+1 ~\~ ' ' ' ~\~ T\— j,r+l T\— j,r- 

Thus 

S m ,n-2 = <Sm— l,ra— 1 + 5m-2,n-l + ' ' ' + Sl—j,n—l + £>l-j,n-2 
= Tm-\,n-\ + 2m-2,n-l + ' ' ' + T\~j^ n -\ + Ti_j 5 „_2 

for all m > 1 — j. Similarly, by induction, we have SVrt.r = T mjf for all 
< r < n — 1 and m > 1 — j. 

Fourthly and finally, Lemma 2 follows from SVn.o = T mj0 . □ 

Lemma 3. //char k ^ 2 an<i m > 1 then 

rankr - V 2*" 1 ( m + * ~ ^ + I lj if m is even 5 
rankr m -^2 ^ . J + j , if m is odd. 
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Proof. By Lemma 2, we have 



n-l 



rankr m = £ £ fi) P'^ 1 ) Of) 



j=o i=j+i 
p(j)=p(w») 

n— 1 n— j 

= e E^rrr 1 ) 

3=0 1=1 
P(j)=P( m ) 

n n— t 

=e e rjorrr 1 ) 

1=1 J=0 

j>0')=p(»™) 

n— i 



=Errr 1 ) e (7) 

1=1 J=0 

pO')=p(«0 



Y^ 1 rjn-j-i /m+n-i-i\ . f 1, if m is even; 
t tl ^ »-< ; \ 0, if m is odd. 

^ 9i _i /m+i-i\ , / 1, if m is even; 
t 4i 1 1 ' \ 0, if m is odd. 



In the last step we replace n — % with i. □ 
Lemma 4. //char 7^ 2 and m > 1 then 

m-if m + n - V 



rank r m + rank r m+ i = 2 r 



n-l 



n— 1 n— 1 

Proof. Denote U™ := £ 2 i - 1 ( m +^ 1 ). Then U™ +1 = £ 2*- 1 ( m + l ) and 

i=i i=i 

n— 1 n—l 

2U rn+i = T( m p). So -f/™ +1 = ( m i +1 ) + E 2 i - 1 ( m+ ;~ 1 ) -2 n - 1 ( m +^- 1 ) = 

jjrn _ 2»- 1 ( m ^" 1 ) + 1. Thus £7™ + U™ +1 = 2™~ 1 ( m +™ 1 " 1 ) - 1. By Lemma 

\ t if 7Ti is even* 

3, we have rankr m = U™ + { „' . r . , , ' Thus rankr m + rankr m +i = 

" [ 0, 11 m is odd. 

r™ , / 1, if m is even; +1 f 1, if m + 1 is even; x , m+n _n 

n ^\0, ifmisodd. ^ n 0, ifm + lisodd. I n-i 

□ 

Now we can calculate the Hochschild homology of the exterior algebra: 
Theorem 2. Let A — kQ/I be the exterior algebra. Then 

( 2™( ri +™- 1 ), if char k — 2. 
dim fc M m (A) = i 2™- 1 + 1, if m = and char k ^ 2; 

[ 2"" 1 ("t™" 1 ), if m > 1 and char fc ^ 2; 



Proof. Case char k 7^ 2: If m > 1 then, by Lemma 4, 

dim fc HH m (A) =dim fc Ker r m - dim fc Im r m+1 

=dim fc P m - dim fc Im r m - dim k Im r m+1 

=2 „(n+m-l) _ rankTm _ rankTm+1 
_2"-l fn+TO— 1"\ 

V 71—1 / 

If m = then HH (A) = A/[A,A], where [A, A] = {AiA 2 - A 2 Ai|Ai,A 2 G 
A}. Note that as a vector space [A, A] is generated by all commutators 

ry . ... . nr* . ... < • . > ■ . ... / • . 'Y' . ... nr* . ( 1 I ( "1 ~\ St~\~ 1 \ . . _ ... nr* . nr* . ... . f /~\T* 

^ts^Ji ^Jt ^31 ^3t *1 *s V "i - V / / *l &s .71 3t u 

all Xjj • • • Xj 3 , x 3x ■ ■ ■ Xj t G B. If both s and i are odd then ■ • • Xi s x 3x ■ ■ ■ Xj t G 
[A, A]. If r > 2 is even then r = (r — 1) + 1. Thus x± ■ ■ ■ x r G [A, A]. This 
implies that [A, A] has a basis consisting of the images of all paths of even 
length (> 2). Therefore A/ [A, A] has a basis consisting of the images of 

n 

identity and all paths of odd length. Hence dim fc iJif (A) = 1 + Yl (™) = 

i odd 

2 11 - 1 + 1. 

Case char k = 2: In this case all maps in the complex (M.,r.) are 

( n-\-m — l\ , . x 

zero. Thus HH m (A) ^ A\ »-i J and dim fc ## m (A) = 2 n ( n +™~ 1 ) for m > 1. 
Clearly dim fc M (A) = dim fc A = 2 n . " □ 

Denote by HC m (A) the m-th cyclic homology group of A (cf. [2S])- Let 
hc m (A) := dimfcifC m (A) and hh m (A) := dimfcifif m (A) 

Corollary 1. Let A = kQ/I be the exterior algebra and char k = 0. JTien 

/ic m (A) = £(-l) m " J 2«- 1 ( n+i T 1 ) + ( ^ ^ m is e ™ n; 
mv 1 ^ ' v n-1 ' \ 0, if m is odd. 

Proof. By [2"ol Theorem 4.1.13], we have 

(hc m (A) - hc m (k)) = -(/ic m _i(A) - hc m „i(k)) + (hh m (A) - hh m (k)). 

m 

Thus (hc m (A)-hc m (k)) = J](-l) m - i (/i/i i (A)-/i/i i (A;)). It is well-known that 

= and = { £ ^^dd!' B y Theorem2 ' 



in 



we have fc ,„(A) = g(-l)~2~ ("£>) + { J| * ™ ^ ^ 



3 Hochschild cohomology 



In this section we calculate the /c-dimensions of the Hochschild cohomological 
groups of the exterior algebras. 
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Applying the functor HoniAe(— , A) to the minimal projective bimod- 
ule resolution (P., 5,), we have Hom A e((P., 5,), A) = (P.*, £*) where P^ = 
HomAe(P m ,A) and 5^(0) = 05 m for any G P^. As ^-vector spaces, P^ is 

/ n-\-m—l\ 

canonically isomorphic to M m := Av /. Let {0^... in |ii + • • • + in — m } 
be a basis of the /c-vector space P^ defined by 0™ x in (l <8> f^... n i n <8> 1) = 
1 and 0™ ... ni „(l ® /™... r)J „ ® 1) = for !./,.••• ../C) ^ (ii, in)- Let 
e™j . in be the image of 0™ t in under the canonical isomorphism P^ = M m . 
Then the complex (P.*,<5*) is isomorphic to the complex (M*,t # ) where 

T m + i . Mm ^ M -+ 1 ,Ae-... nin - EKA + (-l) m+1 Ax,)e™..,, t+ ,.. n ,„ = 

/i=i 

(1 + (_i)m+i+i) E(-l)^ W ^(^A)e^ +1 ... nln for A G B,, 
/i=i 

Lemma 5. Form > we have 

n i—l 

. ,„ +1 , E© E (tT)C- 1 )' if char ^ 2; 
rank r m+i = < i=i j=o 

p(j)=p( n + m ) 

0, otherwise. 

Proof. Obviously the complex (M*,r*) is isomorphic to the complex 
(N', a') which is defined by N m : = A <g> fc[xi, x„] m and a m+1 : A m -> 

n 

N m+1 , A <g> 4 1 • • • x^" i-> £ ® 4 1 • • • x h +1 ■ ■ ■ x n + (-l) m+1 A^® 

h=l 

x% i ' ' ' ;r l h+1 ' ' ' x n)- For an y ^ = x h ■ ■ ■ x tj G B, we have a m+1 (X<Six\ 1 ■ ■ ■ x^) 

= (1 + (-1)™+;+!) £ (-1) MA {h) N(Xx h ) <g> x* 1 • • • < h+1 • • • a#. 
/i=i 

Clearly N m has a basis A/" m := { A ® x^ 1 • • • <™ | A G B, h + i 2 H h i n = 

m}. If, viewed as a monomial in k[xi, x n , x] -1 , ..^x" 1 ], Axf* 1 • • ■ x~ %n can 
be written as xf • • -x{ n , then the sum i (resp. —j) of all the positive (resp. 
negative) ji is called the positive (resp. negative) degree of A <g> x^ 1 • • ■ x l ™ . 
Note that the positive ji must be 1. Moreover, > 0, 1 < I < n} (resp. 
{l\ji < 0, 1 < I < n}) is called the positive (resp. negative) support of 
A <g> x^ 1 • --x%. 

Firstly, denote by N m (i) the subspace of N m generated by all elements in 
Af m of positive degree i. Since a m+1 keeps the positive degree of the elements, 

n 

we have rank(X m+1 = £ rank((X m+1 |A m (f)). 

i=i 

Secondly, denote by N m {x Sl • • -x Si ) the subspace of N m {i) generated by 
all elements A <g> x^ 1 • • • x^ n in J\f m with positive support • • • , Sj}. Here 
1 < «i < s 2 < • • • < Si < n. 

Thirdly, denote by A m (x Sl • • • x Si , • • • x{ n n ), where < i < n, < j < 
m,j i+1 -\ Vj n = j,{s i+1 ,...,s n } = {1, ...,n}\{s u Si} and s i+1 <•••<«„, 
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the subspace of N m generated by all elements N(x Sl ■ ■ ■ x Si x Sti ■ ■ ■ x Stm _. ) <S> 
x Sti ■ ■ ■ x Stm _. x{ -+J • • -x{ n n of positive degree i and negative degree j in Af m 
with {s tl , s tm _ 3 } C {s i+ i, s n } and s tl < ■■■ < s tm _ y Clearly this 
subspace is unless < m — j < n — i. Consider the basis M r ' 



X a 



X 



Sj+1 



x{ n n ) := M m fl N m (x Sl ■ ■ ■ Xg^x^l ■ ■ ■ x j s l) of the vector space 
N m (x si ■ ■ ■ x Si , xi l ^_\ ■ ■ ■ xi"). Order the elements A £g> Xs+j in 
J\f m (x Sl ■ ■ -Xg^xi'^l ■ ■ ■ x{ n n ) by the left lexicographic order on A. Obviously 
a m+1 maps N m (x Sl ■ ■ ■ x Si , xf+\ ■ ■ ■ x j s "J into N m+1 {x Sl ■ ■ ■ x Si , x j J+\ ■ ■ ■ x j s n J if 

< % < n — 1, and into Oiii — n. Let the map a : N m (x Sl ■ ■ ■ x Si ,xif + \ ■ ■ ■ x{ n n ) 
— > iV m+1 (:r Sl • • • x Si , x J s£_\ ■ ■ ■ x{ n n ) be the restriction of a m+1 . Written as a ma- 
trix under the basis Af m (x Sl --- x Si , x{\ + + \ ■■■x j s n Joi N m (x Sl ■■■x Si , x{%\ ••■x{ n n ) 
and M m+ \x Sl ■ ■■x Si ,xi\ + + \ ■ --xii) of N m+1 (x Sl ■ ■ -x Si ,x^\ ■ ■ -aft), a is an 
( x ( n ~ % ) matrix. Partition the elements A <8> x l t\ ■ ■ ■ x[ n in 

\m— \m—j/ '+ 1 s n 

Af m (x Sl ■ ■ ■ x Si ,x 3 s \ + + \ •••x{ n n ) and Af m+1 (x Sl ■ ■ ■ x Si , x 3 s \ + + \ ■ ■ ■ x{ n n ) according to 
whether A contains x Si+1 or not. In this way, neglected the sign 

1 + (-l)"»+( i + n »-J')+ 1 = 1 + (— l)*-^ 1 , this matrix is partitioned into a 2 x 2 
partitioned matrix [ * (-d^i-^ (s *+ i) / 1 where A is an ( n ~ i ~ 1 ) x ( n ~ i ~\) ma- 

r o B V m—j I \m—j—l/ 



trix, B is an f" - ^) x f""*"- 1 ) matrix and / is an ("-'-}) x f^" 1 ) identity 
matrix. 

Claim. BA = 0. 

Proof of the Claim. Take any row of B. Assume that it corresponds to 

the element N(x Sl ■ ■ ■ x St x Sqi ■ ■ ■ x Sy+i ) <g> x J J+\ ■ ■ ■ x{ q q \ +1 ■ ■ ■ x%£ + ■ ■ ■ x{ n n G 

J\f m+l (x si ■ ■ ■ x Si , xf£_\ ■ ■ ■ x{ n n ). Then, according to the definition of a m+1 , this 
row is just the vector whose components corresponding to N(x Sl ■ ■ ■ x Si x Sqi ■ ■ ■ 

T \ rf3" l + 1 . . . rj q l~' r ^ . . . rj q i' 1 '' . . . rfjn AT ( ™ ™ ~ . . . T \ 

x s 9j J <y x s<7i x s<? 3 x s n 5 ••• ) ^\X Sl X Si X Sq2 

arij+l • • -xllf 1 ■ ■■xll + + 1 i +1 ■ --xii are (-1)^-*^) 
respectively, and other components are 0. Take any column of A. Assume 
that it corresponds to the element N(x Sl ■ ■ ■ x Si+1 x Sqi ■ ■ ■ x Sqa ■ ■ ■ x s% ■ ■ ■ x Sq . +i ) 

+ 1 . . . J" 1+1 ■ ■ ■ ^ qa ■ ■ ■ ■r jqb ■ ■ ■ J q i+ 1+1 . . . -rJn ci Kfral . 3i+i . . . 

^Xsi+i x Sqi x Sqa x Sqb x Sq . +1 x Sn t;v yx Sl x Si ,x Si+1 
x^ n ). This column is just the vector whose components corresponding to 
N(x Sl ■ ■ ■ x Si+1 x Sqi ■ ■ ■ x Sqa ■ ■ ■ x Sqb ■ ■ ■ x Sq _. +i ) ® x Si+1 ■ ■ ■ x Sqi ■ ■ ■ x Sqa 

■ ■ ■ ^T+i + ' ' ' X t alld N ( X ^i ■ ■ ■ X s l+1 X Sqi ■ ■ ■ X Sqa ■ ■ ■ X Sqb ■ ■ ■ X Sq . +i ) ® 

• • -xi q q \ +1 ■ --xiZ ■ --xll^ ■ ■ -x%£ +1 ■ --xii are and 
^_lY Xa i'-' Xa S s ib) +b ~ l respectively, and other components are 0. Thus the inner 
product of this row of B and this column of A is just 
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(_;Q/^ 31 ---z 3i (s9 6 )+&-l^_-Q/iz sl ---x 3i (sq a ^^ (s qb )+b-l 

= 0. Hence the claim holds. 

Under the chosen basis, a is the matrix (l+(-l)^' +1 ) [ * ( -if^i -H^h ' 

f ("T 1 ), if ^ pO') and char Jfe ^ 2; n . 

lhus we have rank a = < v m 3 ' Since 

0, otherwise. 

a m+i p reserves both positive degree and negative degree, we have 



rank a m+1 

jrr&nk(a m+1 \N m (i)) 

jr £ mnk{a m+1 \N m {x Sl ---x St )) 

i=0 {si,..., Si }C{l,...,n} 
n m 

EE EE mnk(a m+1 \N m (x Sl ---x St ,x^ + \ •••<)) 

«=0 {si,...,Si}C{l,...,n} j=m-n+i j i+ i+--+j„=j 
n— 1 m 

EC) E (^K™^)' if char M 2; 

1=0 j = m-n + 2 

P0')^p(i) 

0, otherwise. 
If char k ^ 2 then we have 



ranka"^ = E (!) E {V-tt)^) 

i=0 j=m—n+i 

= so e r^r 1 )^ 1 ) 

1=1 3=0 

p(m— j)^p(n-») 

= ec) e rtT 1 )!;:;) 



1=1 3=0 

p(j)/p(™+m) 
n i— 1 

ec) e (r/)(?)- 

1=1 3=0 

pO)=p(™+'") 



The lemma follows from the fact that rankr m+1 = rankcr m+1 . □ 
Lemma 6. //char k ^ 2 and m > 1 t/ien 

rank r m + rank r m+1 = 2"" 1 ^ + ™ ~ ^ . 
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Proof. Note that 

i-1 



rankr- +1 =EC) E (7) 



1=1 3=0 

p(j)=P( n + m ) 

n—l n 



E E C)(t?)(7) 



3=0 i=j + l 
p(j)=p(«+"0 



n—l n— j 

= e e (t) rrr) 



3=0 i=l 
p0')=p(™+"l) 

n n— i 



= e e (70 rrr) 

1=1 3=0 

p(i)=p( n + m ) 



= e rrr) e (70 

1=1 3=0 

p(j)=p(.n+m) 



V 1 2 n-i-i cm+n-i\ , f 1, if n + 77i is even; 
^ ^ ' + \ 0, if n + m is odd. 

y- 1 /m+»\ , / 1, if n + m is even; 
~[ { i > + \ 0, if n + m is odd. 



where we apply Lemma 5 and Lemma 2 in the first and the third steps 
respectively. By the proof of Lemma 4, we have rankr" 1 + rankr m+1 = 

u™ + u™ +i + 1 = 2"- 1 (7™ _1 ) • □ 

Theorem 3. Let A — kQ/I be the exterior algebra. Then 

( 2"(7™- 1 ) ! if char k = 2; 
dim k HH m (A) = < 2 n ' 1 + 1, if m = 0, n is odd and char k ^ 2; 
[ 2™- 1 (7™- 1 )' otherwise. 

Proof. Case char k ^ 2: If m > 1 then, by Lemma 6, 

dim fe M m (A) =dim fc Ker r m - dim fc Im r m+1 

=dim fc P^ - dim fc Im r m - dim fe Im r m+1 
=2 n ("+ m r) - rankr™ - rankr m+1 

on— 1 (n+m— 1\ 

_Z I n-1 J' 

If m = then HH°(A) = Z(A) which is the center of A. Since A is 
gradable, A G Z(A) if and only if all its components belong to Z(A). Thus 
it is enough to consider B fl Z(A). Note that x tl ■ ■ ■ x ti £ Z(A) if and only 
if x tl ■ ■ -x ti Xj = XjX tl ■ ■ ■ x ti for all 1 < j < n, if and only if % = n or i is 
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even. Therefore dirrifcifif °(A) = dinifcZ(A) = £ f n J = 2 n 1 if n is even, 



i=0 
I even 



and dim fc M°(A) = 2 n ~ l + 1 if n is odd. 

Case char k = 2 : In these case all maps in the complex (M*, r*) are zero. 

If m > 1 then dim fc M m (A) = dimfcA^-i" 1 ) = 2 n (™+™~ 1 ). If m = then 
dim fc M°(A) = dim fc Hom Ae (A e , A) = dim fe A = 2 n . " □ 

Remark 1. The case n = 2 was obtained in 0. 

Corollary 2. The Hilbert series of the exterior algebra A 



2 



n-l 



(l-t) n ' 



if n is even and char k ^ 2; 
dim k HH m (A)t m = <j + 1, if n is odd and char fc ^ 2; 

(j^r, if char k = 2. 

oo 

Proof. Note that £ (^jr = □ 

m=0 



4 Hochschild cohomology rings 

In this section we shall determine the Hochschild cohomology rings of the 
exterior algebras by generators and relations. 

Now we construct another minimal projective bimodule resolution {Pi, 5' 9 ) 
of A. For each m > 0, we firstly construct elements {g™ 12 i 2 ... »„ G A® m |«i + 
h z n = m with {i x , ...,i n ) E N n }: Let g% = 1, = x x , g\ = x 2 , g\ 



n x n- 



n 

jm— 1 



Define c/™ 2!2 ... nl „ for all m > 2 inductively by g™ 12i2 ... nin = E ^i.„ fc i h -i..^<„ ® 

h=l 

x h , where (zi, i n ) E N n , i x + i 2 H h i„ = m and #™~* fo _i...„i n = for all 

n 

1 < h < n. It is easy to see that g™ 12 i 2 ... nin = £ x ft ® g™~\ ih -x „,„• 

h=l 

Let P' m := U A ® #Pi2*2...n*n ® A ^ A® m+2 for m > 0, and let 

ii+«2H hin=m 

Q^h-nin := 1 ® S^a...^ ® 1 for m > 1 and = 1 <g> 1. Note that we 
identify P^ with A ® A. Define 5' m : P^ -> P^ by setting ^(fl^ 12ia ... ftin ) = 

£ (^'/ifl'lii.. ./,ifc-l... n in + 9 1 i 1 ... h i h -l... n i n X h)- 
h=l 

Lemma 7. TTie complex^ := (P # ', : 

• " —> -r m+ i * r m > • • • > .r 2 > f i * r o u 
vis a minimal projective bimodule resolution of the exterior algebra A = kQ/L 
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Proof. Clearly the complex P = (P.', 5' 9 ) is isomorphic to the complex 
(P., 5,). □ 

Applying the functor Hom A «(-,A), we have P* = {P'„5',)* = (P., 5.)* = 
(P*, 51) = (M*, r"). Thus every element in P^ can be represented as a linear 

combination of the elements in {Ae™ 12i2 in \\ <E B,ii + i 2 -\ Vi n = fn\ Q 

M m . Throughout we do not distinguish an element in Ker<5^ +1 C P^ with 
its equivalent class in HH m (A). 

Lemma 8. Let rj = E ^W2-i n e s X i X2 i 2 ... nin G HH S (A) and 9 = 

il+t2~\ \-i n =s 

^ ^jii2- -jn e pi2J2...„jn e H H* (A) . Then the cup product of r] and 9 

ji+h-\ — Vjn=t 
in HH s+t (A): 



2+32- 



h+h= h i 

KKn 



Proof. Here we use the same strategy as that in [Sj. Recall that the 
bar resolution B = (P., b.) of A is given by B m := A® m+2 and b m : B m — > 

m 

B m -i, A <g Ai <g • • • <g A m+ i h-> ^(-l) l A <g • • • <g A»_i <g AiA m <g> A i+2 <g 

i=0 

•••(g) A m+ i (cf. Define : B m — ► P m _i, A <g Ai <g • • • <g A m+i h-> 

A ® ■ ■ ■ ® Aj_i <g AjA i+ i (g A i+2 <g • • • <g A m+ i with i = 0,1, ...,m. Then 

m 

&m = E( — View P^ as a submodule of P m in the natural way. 

The complex P is a subcomplex of B: Indeed, for any given g7i l2 i 2 ,.. n i n , 
consider the tensors of the forms w (g X{ <g X; t <g w', w (g Xi <g Xj (g w ' or 
w <g £j <8> £g> w/ occurring in g^ 12 i 2 ... <„, where w is a t-fold tensor and w' 
is an (m — t)-fold tensor. Clearly, d t maps w (g x« (g <g it;' to for all 
1 <t<m — 1. If a tensor w®Xi®Xj®w' occurs in g^^...^ then by defini- 
tion w ® Xj ® Xi ® w' occurs in g™ 12l2 ... ntn as well. Thus d t (g™ 12h _ nin ) = 

for all 1 < t < m - 1. Since 3^...^ = E ^.^-i...^ ® x h = 

h=l 

n m 

E ^ ® fpi" 1 ^-!. ..„*„. We haVe & m(^p 12!2 ... n ,J = Ef- 1 )'*©!*..^) = 
h=l i=0 

^o(fl , 1 i 12 i 2 ... n in) + ( — 1) dm(9 1 i 12 i 2 ... n i„) = &m(9\ii2 i 2---n i n}' 

Consider the diagonal map A : B — > Bc^aB given by A(Ao<g- ■ -®A m+ i) = 

m 

E(Ao ® • • • ® Ai (g 1) <g A (1 ® A»+i (g • • • <g A m+ i). The cup product r/ U & 

i=0 

in the Hochschild cohomology ring HH*(A) of two cycles rf and 0' from 

Hom A e(B, A) is given by the composition B B <g A B A <g A A A 
where z/ : A (g A A — > A is the multiplication in A (cf. |29|). 
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Let /J, : P — > B be the natural inclusion and let n : B — > P be a 
chain map such that vr/i = 1 P . We have A(/iP) C //P <g) A //P C B <g> A B: 
Indeed, fix an s with < s < m, it is easy to see that g^l l2 h 2 n h n — 
E 9p 12 '2...„.Jyi7«.-n 3 »' here we ne S lect if s = or m. Thus we can 

H+h= h i 

l<l<n 

m 

infer that A(g™ 12h2 nhn ) = £ £ ^ il2<2 J',". J*., ... raJn which implies that 

S = H+3l=h l 
l<l<n 

A(fjF) C //P ® A A*P. 

Let A' be the restriction of A on P. Then A/i = (/i <g> /i)A'. Viewed as 
elements in P'* and P/*, 77 and 9 can be represented by r]iT s and ^7r t by the 
bar resolution respectively. Therefore 

rj * 9 = (77 * 9)ir s+t n s+t 
= (r/7r s U 97v t )fi s+t 
= y{r]Ti s ® 97t t )Afi s+t 
= v(r]ir s <g> 9n t )(ii s ® A' 
= 1/(77 ® 0)A'. 

Since r)(g{i l2 i 2 ... nin ) = X ili2 ... in and #G?' J1232 ... nJ J = A^- a ... jn , we have 

(77 * 6)(glh? 2 h 2 ... nhn ) = ^^"^'hh-jn 

n+n= h i 

l<l<n 

for all (hi, h n ) G N n with /ii + h /i„ = s + i. Viewed as an element in 

l<!<n 

□ 

Lemma 9. Let A = /cQ// &e the exterior algebra and chark 7^ 2. T/ien 
t/ie k-vector space HH m (A) has a basis {Ae™ 12 i 2 . in |A G Bi,p(i) = pirn), 1 < 
2 < n}. 

Proof. If A G and p(i) = p(m) then r m+1 (Ae™ 2I2 ... ni J = 0. Thus 
we have {Ae™ 12i2 ... <„|A G Bi,p(i) = p(m),l < i < n} C Kerr m+1 . Clearly 
Im r m is contained in the subspace of Ker r m+1 generated by {Ae™ 12i2 in |A G 
BiiVif) 7^ < 2 < By Theorem 3, we have dmikHH m (K) = 

2"" 1 ("^r 1 ) • Thus the Lemma holds. □ 

It follows from Lemma 9 that, as a A;-algebra, HH*(A) is generated by 
{xiXj\l < i < j < 11} U {Xpe^ll < p, q < n} U {e^|l < s < £ < 11} which 
satisfy all relations in the following Table H. 
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Table H 



(Hl.l 
(HI. 2 
(#1.3 
(#1.4 
(#1.5 
(#1.6 

(#2.1 
(#2.2 
(#2.3 
(#2.4 

(#3.1 

(#4.1 
(#4.2 
(#4.3 
(#4.4 
(#4.5 

(#5.1 
(#5.2 
(#5.3 

(#6.1 
(#6.2 
(#6.3 
(#6.4 
(#6.5 



\%s x t) 
x i x j) \ x s x t) 
x i x j) \ x s x t) 
x i x j) i x s x t) 
XiXj)(x s X t ) 

X%Xj) {%s&t ) 
'j) {x s&t ) 



o 

\ x i x s) (XjXf^ 
{x^Xg) (XtXj) 
-(x s Xi)(x t Xj) 
yX s Xij {XjX-tj 

{x s e t ) (xiXj) 


(yX S Xi) (XjCj. ) 

— (xiX s )(xje t ) 



Xie))(x s e\) = 

x i&j) \ x s&t ) (•^i^'sj^jt 
x i&j) \ x s^t / i, x i x s^)^tj 
x i&j)( x s e t) ( x s x i)&jt 

XiGj)(x s e^) (xgXj^Cj-j 



x i^j ) 
x i&j)& 



x i e j) e st ~ { x i e s) e 



e 2 e 2 

p 2 2 
p 2 2 

e 2 e 2 
e 2 e 2 



e 2 e 2 
e 2 e 2 
e 2 e 2 
e 2 e 2 
e 2 e 2 



Replace XiXj, x p e l q1 e 2 t with u 
Table F. 



(x s x t )(xiXj) if i < j and s < t 

if {i,j}n{s,t}^$ 

Hi < s <j <t 
if i < s < t < j 
if s < i < t < j 
if s < i < j < t 

if i < j 
Use {i,j} 
if s < i < j 
if i < s < j 

if i < j and s < t 

if i = s 

if % < s and j < t 
if i < s and t < j 
if s < i and j < t 
if s < i and t < j 

if s < t 
if s < j < t 
if s < t < j 

if i < j and s < t 
\ii<s<j <t 
if i < s < t < j 
if s < i < t < j 
if s < i < j < t 

, w st respectively, we have the following 



{ x i e s) e jt 



l 3 ' ' 
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Table F 



(FA A) 


7/ ■ -7/ j. — 

u ?j ti'sr 


11 ±11 ■ ■ 

U SI u 'l 'J 


if i i ann e <^ / 

11 v \ J CX YWX O \. L 


(F1.2) 


UijU s t 





if {i,j}n{s,t}^Q> 


(F1.3) 


VijU s t 


UigXljt 


iii < s < j <t 


( FA 41 


7 / - ■ 7 / i 

w ti'sr 


ii- ii i - 

Li ' lS u 't 'J 


if 7 / Q / q 


(FA ^1 


7/ ■ -7/ i 






(FA fil 


7/ ■ -7/ i 

LL IJ 11 st 


ii ii ■ , 




(F2.1) 


UijVgt = 


VstVij 


if % < j 


(F2.2) 


UijVgt = 





if s e 


(F2.3) 


WijVrf = 


U si Vjt 


if s < i < j 


(F2 41 


7/ ■ -77 _i — 


11 ■ 11 "J 


IT 7 <^ Q <T 7 
11 fc \ o \ J 


11 

II O. J. J 


1 1 ■ ■ 11 1 , — 


in .ii ■ ■ 


it 7 o q n n e <^ 

11 6 \ J dllU. o ( 


(F4.1) 


%^st = 





if i = s 


(F4.2) 


VijV s t = 


UisWjt 


if 2 < s and j < t 


( F4 ^1 


1 1 ■ -7 7 , 

Ui]Ust — 


1 1 ■ it i . ■ 

u is w tj 


IT 7 <^ Q Tl H / <^ 1 
11 i \ O dllU. Is ^ J 


(F4 41 


77- -77 ■ — 


— ii -in ■, 

a Sl W ]t 


if q <^ 7 ann -7 <cT / 

11 O \ t dllU. / (y 


(F4.5) 


VijV st = 


~ u si w tj 


if s < 2 and t < j 


(/^ 11 

II 1 1 


71 . .7/7 , — 


in ±11- ■ 


if <? < / 

11 O L 


II U.Z, I 


11 • -111 , 


7 J ■ 111 • . 

UisWjt 


if « <^ i <C i 

11 O \ j ^ t 


? pp; si 


77 ■ -7/7 , — 

u t] UJ st — 


11- 1IW ■ 

V IS w tj 


if <; <^ / <T 7 

11 O \. v J 


(FF> 11 

II U.l 1 


111 ■ -111 ± — 

W IJ UJst ~ 


- Ill ,111 . ■ 

- UJ s tUJij 


if 7 'CT 7 ann e <T" /■ 

11 6 \ y CI 1 1 L I o t 


(F6.2) 


WijWst = 


- WisWjt 


if i < s < j < t 


(F6.3) 


WijWst = 


- WisWtj 


iii<s<t<j 


(F6.4) 


WijWst = 


~- W si W t j 


if s < i < t < j 


(F6.5) 


WijWst = 


~- W si Wjt 


ii s<i<j <t 



Theorem 4. Let Q' be the quiver with one vertex 1 and 2n 2 loops {uij\l < 
% < j < n} U < p, q < Ti} U {wstll < s < t < n}. Let I' be the ideal of 

kQ' generated by all relations in Table F. Then the Hochschild cohomology 
ring of the exterior algebra A = kQ/ T, 

HH*(A) = { k ®' I 1 '" if char k ^ 2; 

^ A[zi, z n ], if char k — 2. 

Proof. Case char A; ^ 2: Firstly, as a /c-algebra HH*(A) is generated 
by < i < j < n} U {x p e^|l < p,q < n} U {e^|l < s < t < n}. 
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Thus we have an epimorphism of /c-algebras if) : kQ' — > HH*(A) which maps 
Uij, v pq , w st to XiXj, x p eg, e 2 st respectively. Comparing the relations in Table H 
with those in Table F, we have V C Kerifj. Hence if) induces an epimorphism 
<p : kQ'/I' -> HH*(A). 

Apply the relations in Table H one by one, it is not difficult to see that 
the set {{x h x i2 ) ■ ■ ■ {xi^Xi^e 2 ^ - ■ ■ e] 2r _ lj2r \l < i± < i 2 < ■ ■ ■ < < 
huh < h < • ■ ■ < J2A U {{x h x l2 ) ■ ■ ■ (x^_ 1 x i J(z2i+ie}Je| |i3 ■ • • e| 2ri2r+1 |l < 
H < i 2 < ■ ■ ■ < i"a-i < hi < ia+i, ji < h < • " " < Jar < Jar+i} is a ^-basis of 
HH*(A). 

Apply the relations in Table F one by one, it is not difficult to see that 
the set {u hi2 ■ ■ ■ Ui 2l _ li2l w jlh ■ ■ ■ w hr _ lj2r \l < i\ < i 2 < ■ ■ ■ < < %2hh < 
h < ■ ■ ■ < hr} U {u ili2 ■ ■ ■ u i2l ^ i2l v (2l ^)h w hh ■ ■ ■ w hrhr+x I 1 < k < «2 < • • • < 
121-1 < hi < <32<-"< hr < hr+i} is a A;-basis of kQ'/I'. 

Since ip maps a basis element to a basis element, ip is also a monomor- 
phism. Hence it is an isomorphism. 

Case char/c = 2: The differential in the complex HomAe(P, A) is 0. 
All maps in Hohia^P, A) represent nonzero elements in HH*(A). Let <f> : 
A[zi, z n ] — ► HH*(A), Zi i— > ej. Then is surjective and thus it is injective 
restricted to each degree. Hence it is an isomorphism. □ 

Remark 2. The case n = 2 was obtained in 0. 
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